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SUMMARY

An attitude control system consisting of motor-driven inertial wheels in
conjunction with an over-riding mass ejection system is proposed for use in
space vehicles. Control by mass ejection is used to compensate for initial
disturbances during separation from the booster, and for removal of unwanted
momentum stored in the wheels. The use of reaction wheels permits fine,

damped attitude c.antrol.

A laboratory model of a single-axis control system was constructed for
experimentation and evaluation. The choice of a suitable platform configu-
ration, selection of a prime mover for the incrtial wheel, and the philosophy
in the design of the electronics and pneumatics are discussed. Emphasis was
placed upon minimization of weight and power coasumption. System evaluation
includes a discussion of efficiencies, reliability, and torque-speed-power

relationships.

Sources of disturbances, methods of sensing, and general equations of

motion are presented in the Appendix.
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L INTRODUCTION

The use of inert:.l wheels is a feasible and relatively simple method for
controlling the attitude of 2 space vehicle. A wide, continuous range of control
torques is obtainable, permitting fine, damped attitude control., Furthermore,
the generation of these control torques does not reguire any interaction with
ambient fields, which vary with altitude and posgiticn., Control torques are
derived by inertial means, and are therefore independent of the locaticn of the
vehicle,

The low weight requirement, low power consumption, and attainable
reliability should make a reaction wheel control system appealing for future
space programs. This is especially true in cases where precise attitude control
is required for a long period of time, and where electrical energy is to be
generated in flight by means of solar cells or nuclear power supplies,

An experimental laboratory model of a single-axis control system was
constructed from off-the-shelf components employing several novel techniques
in circuitry. The purpose of constructing such a model was to resolve major
problems associated with the design and construction of logic circuitry, power
amplifier, and prime mover, in order to obtain a system in which weight and
power consumption are minimized. Insofar as practical, single-axis control of
a space vehicle was simulated in order to evaluate performance and reiiability.

Without employing a major research program, a practical three-dimensional
reaction wheel attitude control system for a space vehicle can be constructed with

only minor modifications of the system employed in the laboratory model.
IL. SYSTEM DESCRIPTION

A hybrid system consisting of a motor-driven inertial wheel and an
auxiliary mass ejection systern employing constant thrust gas jets is considered
here. Cold pressurized helium is used for thrust generation,

The motor-driven wheel is8 mounted upon a platform suspended horizontally
by means of knife edges. Angular deviations of the platform from the desired

attitude are sensed, and the resulting error signals are used to accelerate the



wheel in the direction of the deviations, The reaction torque on the platform

reduces these deviations to zero., Figure 1 shows a block diagram of the wheel

system.

The reaction wheel system is in essence a momentum transfer and
storage device, absorbing momenturn from the platform. The steady-state
behavior of the system in the presence of a constant disturbance torque is a
constant acceleration of the wheel, whose reaction torque on the platform is
equal and opposite to the disturbance. In the absence of disturbances, constant

wheel speed is maintained.

The function of the pneumatic system is to remove undesired momentum
from the vehicle or wheel, It is used to reduce any large angular rates
imparted to the platform, and to insure that the inertial wheel gpeed is maintained
below a pre-set level, This level is governed by the maximum speed of the
motor and by power losses, which are a function of wheel speed. If the wheel
speed exceeds this pre-sget value, the tachometer activates the pneumatic
systern and sufficient impulse is generated to reduce the wheel speed. The

system then reverts to wheel control,

A block diagram of the pneumatic systermn appears in Figure 1, The relay
has a specified dead-space within which the reaction wheel system operates.
The pneumatic system is also an over-riding system for the reaction wneels, If
any large spurious disturbance should occur during wheel control, pneumatic
control is initiated either when the attitude deviation exceeds the deviation
corresponding to the relay dead-space value, or when the platform angular rate

becomes sufficiently large.
III. THE LABORATORY MODEL

In constructing a laboratory model of a single-axis reaction wheel control
system emphasis was placed upon minimizing power and weight requirement,
and attaining reliable operation for at least one year. A description of the
platform, the prime mover, the electronics, sensor, and the pneumatics follows

(see Figure 2).
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A. The Platform

A desirable platforrmn configuration is one in which the frictional
effects of the suspension system are negligible. The methods of suspension
consides-ed were (1) the use of precision ball bearings with platform motion
about a horizontal or vertical axis, {2) use of high pressure air bearings, (3)
suspension vertically by wire, {4) the use of knife edges, and {5) fluid immersiocn.
A configuration using knife edges for the bearing surfaces was chosen, giving a
"teeter-tooter” motion to the platform. This method of suspension was chosen
because of its low frictional torque level, simplicity, and relatively short
construction time. The frictional torque level of the knife edges is of the order
of 0.015 oz-in., which is sufficiently low compared to the other disturbances
encountered in the system. An enclosure for the platform was also added to
eliminate the disturbing effects of air currents in the laboratory. lnitially, the
power supply and electronics were external to the platform, but the frictional
effects of the interconnecting leads were not tolerable. As a result, all
components including power, gas, sensor, and telemetry were mounted on the
platform. To accommodate this apparatus, a platform approximately 3 feet by ?

1 foot was chosen, pivoted to give maximum moment of inertia.

Power on the platform was provided by Sonotone Type "X" hermeti-
cally sealed batteries, chosen to maintain platform balance during the battery's
active discharge period. Hermetically sealed batteries eliminate any ghift of

the center of gravity of the platform due to vapor discharge of motion of liquid.

It was found that platform bending made it difficult to maintain the
center of gravity of the platform exactly at the contact point of the knife edge.
To remedy this situation, braces were added to make it more rigid and
integration was incorporated in the control system to limit platform deviation

to small angles.
B. The Motor

Initial investigations were made of the specifications of ali motors

feasible for use in rotating the inertial wheel. The results of these investigations

follow:




1. A-C Motors

A squirrel-cage motor does not adapt itself to speed control at

zero or at low speeds without undue over-heating.

The speed of an a-¢ synchronous motor can be controlled by
varying the frequency and amplitude of the applied vclta.g@. In theory, this
is the ideal motor for speed control, To accomplish speed control, however,
it is necessary to vary the frequency and amplitude of the applied current to zero
for zero speed while maintaining a constant phase shift to the motor. This can
only be accompiished down to approximately 30 per cent of the full-speed values,
after which excessive armature heating occurs at lower speeds. As use of this
motor thus appears to be impractical, 1t was not included in the original studies,

although it was reserved as a possibility for use at a later date,

An a-c se1 o motor adapts itself well to speed control, has
reasonable linear torque curves over at least 80 per cent of its range, has
efficiencies of about 30 per cent at maximum power output from the motor, and
is readily available for testing from several manufacturers. One inherent
problem with this type of motor is that excitation must be supplied to the main
winding of the motor at all times when the motor is in use. To reduce this
standby power tu a minimum it was decided (a) that a power unbalance should
exist in the servo motor to be used on the laboratory platform,and (b) that more
power should be consumed in the control winding of the motor than is consumed
in the main winding cf the motor by a ratio of at least 4 to 1. The final ratio 1s

dependent upon the capabilities of the amplifier system.
2. D-C Motors

A shunt-wound motor is well adapted to speed control, provided
the field is fixed at maximum excitation and the armature voltage is varied.
This type of motor always has one winding connected across the supply voltage
requiring power. This motor was not entirely discounted, although it was not

chosen for initial investigation.

A d-c servo motor is similar in operation to the shunt-wound
motor discussed above, but exhibits better and more linear torque character-

istics. It requires more power under stall conditions for the same case size,

6




since a d-c servo motor is, in effect, only a modified d-c shunt motor with a f
stronger field. If the motor were made larger, then the power required to

produce the necessary flux could be reduced. This type of motor would reduce

the required power in the main winding of the motor under standby conditions.

As this motor leaves much to be desired from the standpoint of efficiency, it

was not used.

A d-c permanert magnet motor has only one winding, good stall
torque, and is more efficien: than most other types of small d-c motors. As
with alli d-c motors, brushes could create problems at high altitudes unless the
motors were hermetically sealed. It does not have linear torque curves, but
is stili the most promising of the regular d-c type motors. Since it is a single-
winding motor, no power is required for a second winding, as in the case of
the a-c motor under standby conditions. One problem inherent with any d-c
motor with brushes is the inability to control running speed over a range
greater than 7 or 8 to 1. However, wiih suitable electronics, such as a

velocity servo loop, it is possible to overcome this difficulty.

An electronically commutated d-c motor using special inside-out f
construction techniques is presently under development and evaluation at Space
Technology Laboratories, Inc. The motor is quite efficient, requires no fly-
wheel (the physical rotated mass has sufficient moment of inertia) and has no
brushes to cause high-altitude problems. In this motor, the position of the
flux field is sensed by two balanced bridges using magneto-resistive or Hall

effect in bismuth or another suitable material.

On the basis of the above considerations, a d-c permanent magnet
motor, an a-c servo motor, and an electronically commutated d-c motor were

chosen as possible prime movers for the wheel.

Since speed information is used in the logic functions of the
system, a simple two-pole a-c permanent magnet tachometer is incorporated

as an integral part of the motors to sense speed.




C. The Electronics

Two basic speed control systems have been designed for use with the
motors: (a) a 400-cps system to drive the a-c servo motor, and (b) a
10,000-cps time-modulated system to drive the permanent magnet and d-c

electronically commutated motora.

1. A-C Motor Power Amplifier

As system efficiencies for both the a-c¢ and d-¢c motors are
extremely important, it was decided to employ switching techniques to drive
the motors. With these techniques, all the circuitry is either completely off
and no power is dissipated in any portion of the circuit, or all the circuitry is
completely on, i.e., in a condition of saturation, and the maximum possible

power is delivered to the load.

In the case of the a-c motor, 400-cps square wave excitation is
provided to the main winding of the motor (see Figure 3). To achieve speed

control, the signal for the control winding is developed as follows.

The square wave applied to the main winding of the motor (Wave-
form 1, Figure 4) is integrated and amplified to provide a sawtooth waveform
{see Waveform 2, Figure 4). This waveform is clamped to an appropriate level
by two Zener diodes. Bias is varied on the base of the transistor to which the
clamped sawtooth waveform is applied. Error voltage variation of the bias at
the transistors causes ampiification of only a portion of the waveform in direct
proportion to the bias voltage, producing Wareform 3, Figure 4. The cutput
signal of this stage is amplified through a high-gain amplifier to produce a square
wave which varies in duration symmetrically about the 9u° centerline (see

Waveform 4, Figure 4).

This signal is then applied to a power amplifier driving the control
winding. The motor is reversed by changing the polarity of the square-wave
vcitage applied to the main winding. A null amplifier is used to process the
1acoming d-c error signal to the system, the output of the null amplifier, when
amplified in two Class B complimentary amplifiers, serves to change the bias

level in the control amplifier circuitry.
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WAVEFORM 1: MAIN WINDING YOLTASE

WAVEFORM 2: SAWTOOTH INTEGRATED VOLTAGE

e N\ N

H WAVEFORM 3: SAWTOOTH INTEGRATED VOLTAGE AFTER

o ESTABLISHING BIAS LEVEL
o

s0°
M I

WAVEFORM 4: AMPLIFIED SAWTOOTH WAVEFORM APPLIED TO
CONTROL WINDING OF MOTOR

1978

Figure 4. Waveforms in Control Circuitry of A-C System.

Several novel {eatures have been incorporated into the a-c speed
control circuitry. In order to switch the power transistors in the power ampli-
fiers cleanly into saturation, it is necessary to have an available voltage more
positve than battery voltage, since the transistors are used in an emitter-follower
configuration. This voltage is obtained by means of a step-down transformer,
which is connected across the 400-cps voltage supplied to the main winding of
the motor. The cutput of this transformer feeds a full-wave rectifier and
develops approximately three-fourths volt out of an r-c filter. This voltage,
when added to the poesitive battery potential, insures that the power transistors

are in a state of full saturation.

Chopper stabilization is incorporated into the null amplifier
circuitry to reduce long term d-c drift. Excitation to the solid state choppers
is provided by transformer coupling to the excitation supplied to the main

winding of the a-c servo motor.

10
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The square-wave generator used as a time base is a hybrid
multivibrator. This three-transistor multivibrator is inherently more tempera-
ture stable than two-transistor multivibrators, as the fregquency of its output i
dependent only upon the temperature coefficient of one small capacitor.

The efficiency of this system, in terms of useful power delivered
to the load compared to the power consumed by the amplifier is approximately

C5 per cent,

2. D-C Motor Power Amplifier

a. Power System

In the d-c power system, a square-wave type of controlled
time -duration voltage is developed to drive both the permanent magnet and the
electronically commutated d-c motors. The amplifier was designed to drive
the d-c motors on the theory that if a d-c motor was pulsed at a sufficiently
high frequency, the inductance of the motor winding would integrate these pulses
and provide filtered d-c to the motor. Speed control would then be achieved by {
varying pulse width. Figure 5 is a block diagram of the d-c system.

The error signal from the attitude sensor controls the
‘on time," To’ of a one-shot multivibrator {see Figure 6). Another hybrid
multivibrator determines the starting time for the one-shot. The output from
the first hybrid and width control one-shot are summed in an AND gate. The
output of the AND gate is amplified and used to drive the power amplifier
connected to the motor winding. This controlled-time speed system is used for

both the d-c permanent magnet and d-c elecironically commutated motor,

As no 400-cps excitation is available in the d-c amplifier
system, the power transistor used in the power amplifier is driven into
saturation by means of a pulse current transformer. Since no excitation is
available for solid-state choppers, the error signal amplifier is of complimentary

symmetry design. A stable hybrid multivibrator is again used for the time base,

The efficiency of this driving amplifier in terms of power
delivered to the loaa compared to power consumed by the amplifier is in excess

of 90 per cent. ‘

11
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Figure 5. Block Diagram of D-C Speed Countrol System.
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Figure 6 Essential Waveforms 1in the D-C System.
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b. Commutation System

The electronically. commutated motor is basically a two-
winding motor. Two identical channels of electronics are used to comrutate
the windings. A typical channel consists of a level sensitive trigger circuit
which receives its intelligence from the flux sensitive bridge that indicates
the position of the flux pattern. The output of the level sensitive trigger circuit
trips a flip-flop which drives a switching amplifier, connecting the proper end
of the motor winding at the proper time to the correct voltage.

3. Velocity Servo Loop

Since a typical motor tested in the laboratory had an acceleration
time of ten seconds from zero to maximum speed and a deceleration time of
two minutes, an internal velocity servo loop was added to make system response
linear. However, since the times involved in attitude control of space vehicles
are on the order of several minutes rather than seconds, addition of this velocity

loop may not be necessary.

The velocity servo loop incorporates a dual input photoelectric
tachometer whose output, through suitable logic, supplies a voltage whose
magnitude is directly proportional to the speed of the . 1otor and whose polarity
is dependent upon the direction of rotation of the motor. The output of the
tachometer logic is summed with the platform error input signal, amplified
by a high gain amplifier, and applied to the error signal amplifier in the power
amplifier system. To provide the greatest possible stability, chopper
stabilization is used in the high gain amplifier and summing portions of the

servo loop.

With the addition of the velocity servo loop, both the acceleration
and deceleration times of the motor are approximately ten seconds. The
resulting system has better than one per cent speed linearity over its entire

range.

13




D. The Sennsor

To conserve power and to minimize circuitry and weight on the platform,
it was decided that the input sensor should consist of: {(a) a light beam placed at
2 convenient distance {rom the table to establish a reference, and {b) a visible
pickup device mounted on the edge of the table to detect attitude error. Gyros
are a readily available alternate whichcould have been used instead of the visible
sensor. However, since gyros require heater power as well as three-phase
excitation, a heater amplifier and a static inverter would have to be added to the
platform, resulting in greatly increased battery drain, platform weight, and
system complexity.

The visible sensor consists of a simple single lens which focuses the
light at the rear of the cylinder {see Figure 7), where phototransistors have been
mounted, The outputof th~ sensor, either a positive or negative signal, depending
on the platform'e angular relationship with the incoming light rays, is amplified
and used to control the associated power amplifier systems. Both position and
integral feedback with lead-lag shaping are employed in the system.

LN 7)\\ T J%E oL eeT
— j’ﬁ!” ==

Figure 7. Mechanics of Sensor.

A simple 2-pole a-c tachometer is mounted on the motor's shaft. The
output signal from the tachometer is applied across an active tuned q-multiplier
circuit. The output of this circuit is an a-c frequency directly dependent upon
the speed of the motor, whose amplitude has been modified by the q-multiplier.
This signal is converted to a d-¢ voltage in a simple passive a-c to d-c circuit.
This d-c clamp voltage is then used to actuate a relay, which controls the
solenoid valve action in the pneumatic system of the platformm. To achieve equal
gas discharge times for each end of the platforrmn, an RC time constant determines
the on-time of a master relav, which actuates the appropriate slave gas solenoid

valve.

{4
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E. The Pneumatics

Gas is stored on the platform in four tanks whose outputs are
manifolded together to maintain uniform pressure in each tank., inese tanks
are mounted symmetrically with respect to the center of gravity of the platform,
50 that no shift in the center of gravity occurs during gas discharge. The
manifold output of the tanks is reduced in a two-stage preéssure reguiator and then
piped to the solenoids mounted at the ends of the table. Figure 8 shows the gas

solencid, nozzle, and sensor mounted on the end of the table.

1¥., GENERAL

A. Reliability
The ultirnate goal in the design of this system is to achieve a high
degree of reliability, and operate unattended for a period of a year or longer.
The system will require little or no calibration and no selection of components,
as all components are available as off-the-shelf items. Circuits have been
specially designed for stability. Switching techniques keep the transistors cool
and virtually no power is dissipated in the transistors because of the high circuit

efficiencies, which further tend to increase the reliability of the system,

B, Torque, Speed, Power Relationships

The laboratory model provided a useful stall torque of 1 0z-in., a
motor speed of 12, 000 rpm (before gas jet firing), and a maximum no-load speed
of 20,00 rpm, while consuming approximately 9 watts of energy to maintain a
constant wheel speed. The signal circuitry required to process the incoming
signal rcquires an additional 3 to 4 watts. The systern has a motor time constant
of about 10 seconds for wheel acceleration from 0 to 12, 000 rpm. The ratio of
moment of inertia of the platform to that of the wheel was approximately
400,000 to 1. This system, with minor modifications, could be further reduced

to give a 10 watt per axis system, yielding 1 oz-in., of torque.

The ultimate design goal of a system of this type would be (1) to
consume no more than 10 to 15 watts for a 3-axis system, (2) te deliver torques

on the order o1 1/2-0z -in., with approximately the same speed capability, and

i5
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Figure 8. Gas Solenoid and Sensor Mounted on Table.
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{3) to function unattended for a year or longer. The weight of this system would
be no more than 10 to 15 1b. The system described in this report approaches

these design goals.

C. Space Vehicle Control

Three-dimensional attitude control of a space vehicle can be achieved
with three channels, as described above, mounted with the wheel spin axes along
the vehicle principle axes of inertia. Thrust for the auxiliary mass ejection
systern can be generated by means of compressed gases, as in the laboratory
model. Use of monopropellants or bipropellants, vaporized liquids, ion ejectors,
plasma jets, etc., are also feasible for thrust generation. The control system
may be simplified somewhat by eliminating the tachometer. Wheel control con-
tinues until saturation occurs, at which time any disturbance present will cause
the vehicle to drift until the attitude corresponds to the dead-space value of the
mass-ejection system. Firing of the jets will then drive the wheels out of

saturation, where wheel control resumes.

D. Design Considerations

In addition to specifying attitude requirements to achieve successful
operation of a specific space mission, it is necessary to have some knowledge
of the causes of deviations from thz desired attitude, of how such deviations

can be sensed, and how they can be corrected. The gyroscopic effects of the
inertial wheels must also be considered in the design of a control system.

Source of disturbances, methods of sensing, and three-dimensional equations of

motion are presented in the Appendix.

E. Selection of Control Equations

Referring to the equations of motion presented in the Appendix, it
can be seen that the control problem is to make the wheel momenta, with respect
to the vehicle, suitable functions of the deviations from the reference, so that
resulting vehicle equations of motion have the desired stability and response
characteristics. In applications where relatively large deviations in attitude
can be tolerated, a control equation in which the wheel momenta are linear

functions of the deviation angles and their rates may be satisfactory. Constant

17
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wheel speeds, then, result in constant attitude errors. If attitude deviation
requirements are stri..gent, integration can be incorporated into the control

system to eliminate these errors.

Although the control equations selected for a single-axis control
system may provide satisfactory performance and stability, it is by no means
conclusive that three independent single-axis control channels, each a function
of the corresponding deviation angle, will provide adequate performance for
three-dimensional control. In the case of an orbiting vehicle in which the
reference axes rotate at orbital frequency (this, in the absence of disturbances,
results in a periodic transfer of momentum between wheels at orbital frequency),
and in the presence of periodic disturbanres torques ai or near orbital frequency,
stability problems may arise. More sophisticated control equations may then be
necessary.

18




APPENDIX

A. Disturbance Sources

Disturbance torques which act to perturb the vehicle from the desired

orientation may arise from the following sources:
1} Rotating parts within the vehicle,

2) Inertial cross-coupling due to differences in principal moments of

inertia.
3) Interacticn with ambient gravitational. magnetic, and electric fields.
4} Incident and emitted radiation.
5) Particle impingements.
6) Aerodynamics.

Because of present lack of knowledge of the environment to which a space
vehicle will be subjected, only crude estimates of the magnitudes of disturbances
can be made. It is difficult to generalize since these disturbances depend upon
the vehicle configuration. The vehicle should, then, be designed to minimize

these disturbing effects.

B. Sensing Methods

There are a number of sensing methods that can be incorporated into a space

vehicle control systemn. These methods can be divided into four basic classes:

1) Sensing by inertial means. Devices which fall into this category are

gyroscopes, accelerometers, pendulums, vibrating masses, etc.

Z2) Sensing by sighting of celestial bodies. Such devices are horizon

scanners, sun seekers, moon seekers, and stai trackers.

3) Sensing by interaction with ambient fields. Such methods are quite
restricted, in that ambient fields vary with altitude and orbital position.
For very low altitudes use can be made of the atmospheric pressure
gradient. The carth's magnetic field varies consicerably with orbital
position, so that sorme programming must be used with such a system.

The observation of the differential gravitational forces on the various
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parts of the vehicle requires extremely sensitive instrumentation in

measuring this gravitatioral gradient.

4) Sensing by ground observation of signals transmitted from the vehicle.
The field pattern of a narrow radar beam transmitted from the vehicle
can yield attitude information. Correction signals are then transmitted

to the vehicle from the ground station.

Although the sensing methods listed above have their limitations and dis-
advantages, the control designer has a relatively broad selection of feasible

met.wids of attitude sensing.

C. Eguations of Motion

Let the reference coordinate system consist of the xyz axes, with the
origin iocated at the center of mass of the vehicle. It is assumed, for generality,
that the position of the vehicle center of mass is known as a function of time.
The angular velocity ;ref of the reference frame, then, is also known as a
function of time. It has components w wy’ ard w, directed along the x, vy,

and z axes, respectively.

@ Bt we +we 1
= + W
“ref “x®x vy “2%2 (1)

Let XYZ form an orthogonal set of body-fixed axes directed along the principal

axes of inertia of the vehicle, which has principal moments of inertia [, I

) S &
ard IZ' The angular velocity C;body of these body-fixed axes in inertial space
has components Wyr Wy and ws directed along the X, Y, and Z axes,
respectively.

Sbody = wxgx + QYEY + wz-e.z {(2)

Since the senci.._ elements will, in general, ineasure deviations from the refex-
ence, it may be desirable to express the body rates in terms ot these dsviations.
The angular velocity of the reference frame, the body axes, and the angular

velocity ;rel of the body axes relative to the referernce frame, are related by:
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“body ~ “rei T “rel 3

Let us define these deviation angles by the three rotations, 93. 91, and ez, in
that order, which transform the reference axes, xyz, into the body axes, XYZ.
93 is a rotation about the z axis, transforming xyz into x'y'z . 81 t8 a rotation
about the x' axis, transforming x'y'z into x'Yz'. 92 is & rotation about the
Y axis, transforming x'Yz' into XYZ. This sequence was selected so that Bl
and 9?_ correspond to the gimbal angles of a gimballed "pointer" that is aligned
wit’. ...e of the reference axes. The choice of deviation angles, however, is

«raitrary. The unit vectors in the two sets of axes are then related by:

¢x 311 %12 213\ /&
°y |7| 221 %22 23 || ®y
& 831232 %3 (4)
where
a11 = cos GZ cos 63 - gin el sin 92 sin 93
alz = CO8 62 8sin 93 + 8in 91 sin 92 cos 83
a4 = = co8 91 sin 92
aal = —Cos 01 sin 93
azz = co8 Bl CcOSs 63
ay; = sin 9l
a31 = 8in BZ cas 93 + sin 91 cos 62 sin 63
332 = 8in GZ sin 93 - 8in 91 cas Gz cos 93
azg = Ccos 91 cos 92

This transformation is shown in diagram in Figure 9.
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Figure 9. Deviation Angles,

Euler's equations, which describe the general motion of a body about its center

of mass, are:

Ixox * Iz = Iy) wzey = (Lply ¥ (Lyly

Tywy * Ty = Iz) wyey = (Lply + (Lyly

lpuz + (ly = L) wyuy = (Lply + (Ly)y (5)
where the terms on the right-hand side of equation (5) are the components of the

external disturbance torque —I:n on the vehicle and Lw the torque .lue to the

motion of the wheels.
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Using equations (3} and {4), the components of the vehicle angular velocity
in inertial space directed along the body axes then become:

we = Bpw, + alZ""y + a3 (wz + 93) + 61 cos 92

)]

o +

agqw t aBZ“y +a,q (wz + 03) + 91 sin 92 (6)

“z

Let HX, Hy, and HZ represent the components of the total angular
momentum, ﬁ. ofthe X, Y, and Z wheels relative to the vehicle frame. The

torque upon the vehicle due to the motion of the wheels becomes:

N d e - -
Ly = -3 (erx + Hyoy + Hzez) (M)
or
- _ y — " - e - -
~Ly = Hy3y + Hyey + Hy2, + 4, x H (8)

The components of Lw i long the body axes are:

—(Lylx = Hy * Hzuy = Hyuwy
—(Lyly = Hy + Hyw, — Hyuy
—(Lylz = Hy + Hya, — Hyuwy )

The general equations of motion of a vehicle with reaction wheels, then,
are given by equations (5), (6) and (9). The moments of inertia of the vehicle
are now defined to include the moments of inertia of the whecls. These
equations are not in a form that can be suitably used for conventional control

system synthesis. However, they can be reduced to a more tractable form by
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linearization, so that the resulting expressions are ordinary differential
equations with constant coefficients. Conventional servo techniques can then
be applied.

For the single-axis laboratory model the equation of motion, excluding

disturbances, is

10 = -H = —Jo (10)
where
I = platform moment of inertia
® = platform anguiar deviation
H = wheel momentum
J = wheel moment of inertia
w = wheel speed

The control equation is
{s + k) (-rls + 1}

{ H = uKJ 1y (8. —8) (11)
, m
(v 8 +1)(r,8 +1) e
where
» = amplifier gain
Kn = motor gain
k = integrator gain
T__ = rmotor time constant
m
T, = lead time constant of shaping network
T, = lag time constant of shaping network
@ = commanded platform deviation

Amplifier and integrator gains and lead-lag time constants were selected

to yield a 50 per cent damped system.
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